Topological vector spaces admissible in economic equilibrium theory  by Keiding, Hans
J. Math. Anal. Appl. 351 (2009) 675–681Contents lists available at ScienceDirect
Journal of Mathematical Analysis and Applications
www.elsevier.com/locate/jmaa
Topological vector spaces admissible in economic equilibrium theory
Hans Keiding
University of Copenhagen, Department of Economics, Studiestraede 6, DK-1455 Copenhagen K., Denmark
a r t i c l e i n f o a b s t r a c t
Article history:
Received 5 August 2008
Available online 6 November 2008
Submitted by J.A. Filar
Keywords:
Topological vector spaces
Equilibrium theory
Kakutani space
In models of economic equilibrium in markets with inﬁnitely many commodities, the
commodity space is an ordered topological vector space endowed with additional structure.
In the present paper, we consider ordered topological vector spaces which are admissible
(for equilibrium analysis) in the sense that every economy which is reasonably well
behaved posesses an equilibrium. It turns out that this condition may be characterized
in terms of topology and order. This characterization implies that the commodity space
has the structure of a Kakutani space.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
The economic theory of markets with an inﬁnite number of commodities has been the subject of a considerable liter-
ature, starting with the seminal work of Bewley [8] and followed by works of Aliprantis and Brown [1], Florenzano [10],
Mas-Colell [13], Yannelis and Zame [17], Araujo and Monteiro [6], and more recently Aliprantis, Monteiro and Tourky [5],
Aliprantis, Florenzano and Tourky [4]. Many of the results obtained have appeared also in monographs (Aliprantis, Brown
and Burkinshaw [2], Florenzano [11]).
The generalization of the standard model of competitive equilibrium to markets with inﬁnitely many commodities is not
a straightforward matter. Indeed, replacing Euclidean space with an arbitrary ordered topological vector spaces meets with
several problems; closed and order bounded sets are not necessarily compact, and the equilibrium prices are not necessar-
ily continuous. These diﬃculties—and several others—have been pointed out in the literature, and results on existence of
competitive equilibria have been established, but only for spaces satisfying several conditions of well-behavedness, some
of which using assumptions on agents’ characteristics with no counterpart in models with a ﬁnite number of commodities
(such as the assumption of properness of preferences, cf. Mas-Colell [13]).
These results indicate that certain properties of ordered topological vector spaces are crucial, such as compactness of
order intervals in the weak topology, and existence of interior points in the positive cone. In the present paper we make
this precise, investigating commodity spaces which can be used in a formal theory of economic equilibrium with inﬁnitely
many commodities (“admissible” commodity spaces), in the sense that for every well-behaved economy there is at least one
equilibrium.
These properties, which may be considered as necessary conditions on the underlying topological vector spaces for being
eligible as commodity spaces in models of economic equilibrium, relate to compactness of order intervals and existence of
order units, but they do not involve lattice properties of the order. Indeed, early contributions to existence theory, such as
Aliprantis and Brown [1], Yannelis [16], did not use a lattice structure, and it became necessary only when considering core
equivalence theorems, as shown by Aliprantis and Burkinshaw [3].
The paper is organized as follows: In Section 2, we present the necessary deﬁnitions, and in Section 3, we state and
prove the main results of the paper, deriving necessary conditions for admissibility, and in Section 4 it is shown that these
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lattices, and ﬁnally Section 6 contains some concluding comments on the approach and the results.
2. Deﬁnitions
In this section, we introduce the basic concepts of the paper, which are the notion of a commodity spaces and the notion
of an admissible commodity space.
Deﬁnition 1. A commodity space is an ordered Hausdorff topological vector space V , where the order relation  is deﬁned
by a convex closed cone V+ such that
(i) V+ − V+ = V ,
(ii) if v1, v2 ∈ V and nv1  v2 for all n ∈ N, then v1  0.
We notice that a commodity space need not (at least at this stage) be a lattice nor a Riesz space; we assume only that
the every element v ∈ V has a representation v = v1 − v2, v1, v2 ∈ V+ , not that the representation is unique.
Let (V+)∗ be the polar of the cone V+ , that is the set of linear forms p on V such that p(v) 0 for all v ∈ V+ . The set
V+ = (V+)∗ − (V+)∗ is called the order dual of V .
In order to introduce our notion of an admissible commodity space, we deﬁne economies over a commodity space and
equilibria for these economies.
Deﬁnition 2. Let V be a commodity space. An economy over V is a ﬁnite array E = (Pi,ωi)i∈I of consumers, where for each
consumer i ∈ I , Pi ⊂ V+ , V+ is a (preference) relation on V+ , and ωi ∈ V an initial endowment of commodities.
An economy E is well behaved if
(i) the vector ωi belongs to V+ for each i ∈ I ,
(ii) for all i ∈ I , Pi satisﬁes
(a) Pi(xi) = {x′i ∈ V+ | (xi, x′i) ∈ Pi} is convex, and xi /∈ Pi(xi), each xi ∈ V+ ,
(b) for each x′i ∈ V+ , the set P−1(x′i) ∩ [0,ω], where P−1i (x′i) = {xi ∈ V+ | (xi, x′i) ∈ Pi}, is σ(V , V+)-open in [0,ω],
(iii) there is a consumer i0 ∈ I such that for all xi0 ∈ V+ , Pi0(xi0) + V+ ⊂ Pi0(xi0 ).
The notion of an economy is fairly standard, but the additional conditions of well-behavedness may require some com-
ments. It is assumed that set of feasible consumptions of each consumer is V+ , ruling out the possibility of consumption
sets contained in proper subspaces of V . We allow for non-ordered preferences of consumers since this is by now common-
place in equilibrium theory. Condition (i) is a weak survival condition on individual endowments; condition (ii)(b) states
the standard properties of convexity and irreﬂexivity of preferences, and (ii)(a) is a continuity property; it is a rather weak
assumption, as the openness of P−1i (x
′
i) should hold only relative to the set of vectors effectively attainable by consumer i
in E , namely the vectors in the order interval [0,ω] = {xi | 0  xi  ω}. Finally, condition (iii) says that some consumers
have monotonic preferences.
Deﬁnition 3. Let V be a commodity space, E an economy over V . A quasi-equilibrium is a pair (x, p) ∈ V I+ × (V+)∗ , such
that
(i)
∑
i∈I xi 
∑
i∈I ωi (aggregate feasibility),
(ii) for all i ∈ I , p(xi) p(ωi), and x′i ∈ P (xi) implies p(x′i) p(ωi) (individual optimality),
(iii) p(
∑
i∈I ωi) > 0, or there exists q ∈ (V+)∗ such that for each i ∈ I , q(xi)  q(ωi) and x′i ∈ Pi(xi) ∩ Ker p implies
q(x′i) q(ωi).
The equilibrium conditions state that the allocation x can be carried out with the given resources, and that consumers get
a bundle which is best given their budgets in the sense that any preferred bundle is at least as expensive. The condition (iii)
is formulated in a way so as to avoid trivial quasi-equilibria where value of every bundle is 0.
Now we may deﬁne the central concept of this paper, that of an admissible commodity space.
Deﬁnition 4. Let V be a commodity space. V is admissible if every economy E = (Pi,ωi)i∈I over V has a quasi-equilibrium.
A commodity space is admissible if it can be used in modelling a classical economic equilibrium theory in such a way
that equilibria always exist. Needless to say, if further properties are added to the deﬁnition of an economy (as in Mas-
Colell [13]), or the deﬁnition of an equilibrium is weakened (as in Aliprantis, Monteiro and Touky [4]), more commodity
spaces are available. In the next section, we exhibit properties of commodity spaces which are admissible according to
Deﬁnition 4.
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In this section, we present the main results characterizing admissibility in terms of topology and order.
Theorem 1. If V be an admissible commodity space, then the order interval [0, v] is compact in the σ(V , V+)-topology for each
v ∈ V+ .
In the proof of Theorem 1, we shall use the following lemma.
Lemma 1. Let V be an ordered topological vector space, and let v0 ∈ V+ . Assume that [0, v0] is not σ(V , V+)-compact. Then there is
a correspondence ϕ : [0, v0] → [0, v0] with nonempty convex values such that
(i) for all v ∈ [0, v0], v /∈ ϕ(v),
(ii) for all v ′ ∈ [0, v0], ϕ−1(v ′) = {v ∈ [0, v0] | v ′ ∈ ϕ(v)} is σ(V , V+)-open.
Proof. The family C of sets
{
v ∈ [0, v0] ∣∣ p(v) > α},{
v ∈ [0, v0] ∣∣ p(v) < β}
for p ∈ V+ , α,β ∈ R, is a subbasis for the σ(V ,W )-topology on [0, v0]. From Alexander’s subbasis theorem (see e.g. Kelley
[12, p. 139]) we have that there exists a covering U of [0, v0] with sets from C such that no ﬁnite subfamily of C covers
[0, v0], as the latter set is not compact. We assume that U is chosen minimal for inclusion among such coverings.
Suppose that U is countable, i.e.
U = {U1,U2, . . .}.
For each v ∈ [0, v0], let i(v) be the smallest index i such that v ∈ Ui , and deﬁne ϕ by
ϕ(v) = {v ′ ∈ [0, v0] ∣∣ v ′ /∈ U j, j  i(v)}.
Since [0, v0]\U is convex for every U ∈ U , we have that φ(v) is a convex set. By construction, v /∈ ϕ(v); furthermore,
ϕ(v) = ∅ since otherwise {U1, . . . ,Ui(v)} would be a ﬁnite subcovering. Finally we have for v ′ ∈ ϕ(v) that v ′ ∈ ϕ(v ′′) for all
v ′′ with v ′′ /∈ U j , j  i(v), so that ϕ−1(v ′) is open.
If U is not countable we choose an arbitrary countable subset V of U . Then the set
Ki =
{
v ∈ [0, v0] ∣∣ v /∈ U , all U ∈ U\V}
is nonempty (since otherwise U would not be minimal for inclusion), closed, convex (since K1 =⋂U∈U\V [[0, v0]\U ]), and
not compact: The covering V of K1 has no ﬁnite subcovering V1, since then (U\V) ∪ V1 would be a proper subcovering of
U contradicting minimality.
From the above we have that there exists a correspondence ϕ˜ : K1 → K1 with nonempty convex values and having the
properties (i) and (ii). Deﬁne ϕ : [0, v0] → [0, v0] by ϕ(v) = ϕ˜(v) if v ∈ K1 and ϕ(v) = K1 if v ∈ [0, v0]\K1, then ϕ has all
the desired properties. 
Proof of Theorem 1. Assume that there is v0 ∈ V+ such that [0, v0] is not σ(V , V+) compact. Consider the economy
E = ((P1,ω1), (P2,ω2)) with two consumers, where
ω1 = v0, ω2 = 2v0,
and where the preference relations are deﬁned as follows.
Choose any linear form p1 ∈ V+ and let
P1(x1) =
{
x′1 ∈ V+
∣∣ p1(x′1) > p1(x1)}, x1 ∈ V+.
Then P−11 (x′1) = {x1 | p1(x1) < p1(x′1) is σ(V , V+)-open for each x′1 ∈ V+ , and clearly P1(x1) is convex and x1 /∈ P1(x1) for
all x1 ∈ V+ . Also, P1(x1) + V+ ⊂ P1(x1) for each x1 ∈ V+ .
For consumer 2, deﬁne the preference correspondence P2 : V+ → V+ by P2(x2) = ϕ(x2) if x2 ∈ [0, v0], and P2(x2) =
[0, v0] for x2 /∈ [0, v0]. Then P2 is irreﬂexive with nonempty convex values; for x2 ∈ [0, v0], this follows from Lemma 1,
and for x2 /∈ [0, v0] it is an easy consequence of the deﬁnition. To check the continuity condition, we have that for each
x′2 ∈ [0, v0] the set P−12 (x2) may be written as
P−1(x′2) =
{
x2 ∈ [0,ω2]
∣∣ x′2 ∈ ϕ(x2)}∪ (V+\[0, v0]),2
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[0, v0] =⋃p∈(V+)∗ {v | p(v) p(v0)} is σ(V , V+)-closed.
We have shown that E is a well-behaved economy over V . Assume that (x01, x02) ∈ V I+ is a feasible allocation in E and
p0 ∈ (V+)∗ a price such that p0(ω1 + ω2) > 0. If x02 /∈ [0, v0], then P2(x2) contains 0 contradicting p0(x′2) p0(ω2) for all
x′2 ∈ P2(x02), so x02 ∈ [0,ω2]. But then P2(x02) contains a vector x′2 with x′2  v0 so that
p0(x′2) p0
(
v0
)= 1
2
p0(ω2) < p
0(ω2),
where the latter inequality follows since p0(ω1 + ω2) > 0. Consequently, (x01, x02, p0) cannot be a quasi-equilibrium, and we
have exhibited a well-behaved economy with no quasi-equilibria. We conclude that V is not admissible. 
The next important property of admissible commodity spaces is the following:
Theorem 2. Let V be a commodity space. If V is admissible, then for each v0 ∈ V+ , either
(i) p(v0) > 0 for all p ∈ (V+)∗ and the order interval [−v0, v0] is absorbing in V (meaning that each v ∈ V belongs to λ[−v0, v0]
for some λ > 0), or
(ii) there is p ∈ (V+)0 with [−v0, v0] ⊂ Ker p and such that [−v0, v0] is absorbing in any subspace W of V with [0, v0] ⊂ W ⊂
Ker p such that W = (W ∩ V+) − (W ∩ V+).
Condition (i) states that v0 is an order unit in V ; the fact that existence of an order unit is a necessary condition for
existence of equilibria was hinted in Aubin [7].
Before proving Theorem 2, we insert a lemma.
Lemma 2. Let v0 ∈ V+ and T = {v ∈ V+ | ∀λ > 0, λv /∈ [0, v0]}. Then for any subspace W of V with v0 ∈ W such that W =
(W ∩ V+) − (W ∩ V+), if [−v0, v0] ∩ W is not absorbing in W , then W ∩ T = ∅.
Proof. If [−v0, v0]∩W is not absorbing in W , then there is v ∈ W such that λv /∈ [−v0, v0] for all λ > 0. Write v = v1 − v2
for v1, v2 ∈ (W ∩ V+). If λi vi  v0 for some λi > 0, i = 1,2, then
0min{λ1, λ2}v1  v0,
−v0 −min{λ1, λ2}v2  0,
so
−v0 min{λ1, λ2}(v1 − v2) v0,
a contradiction. We conclude that the set
{
v ∈ (W ∩ V+)
∣∣ ∀λ > 0, λv /∈ [0, v0]}= W ∩ T
is nonempty. 
Proof of Theorem 2. Let v0 ∈ V+ and deﬁne T as in Lemma 2. Then T is convex: If v1, v2 ∈ T , then μv1 + (1 − μ)v2 /∈ T
for some 0μ 1 would imply that λμv1 + λ(1− μ)v2 ∈ [0, v0] for some λ > 0; but then λμv1 ∈ [0, v0] − {λ(1− μ)v2},
which together with v1 ∈ V+ yields that λμv1 ∈ [0, v0], a contradiction. From Theorem 1 we have that [0, v0] is compact
in the σ(V , V+)-topology, so for each λ > 0 there is a linear form p˜ ∈ V+ such that
p˜(λv) > max
{
p˜(v ′)
∣∣ v ′ ∈ [0, v0]}.
Deﬁne the economy E over V as E = ((P1,ω1), (P2,ω2)), where ω1 = ω2 = v0, where P1 is deﬁned as in the proof of
Theorem 1, and where P2 is given by P2(x2) = T if x2 ∈ [0,2v0], and P2(x2) = ∅ otherwise. Then P2 is irreﬂexive since
T ∩ [0,2v0] = ∅ and convex-valued, and for each x′2 ∈ V+ we have either P−12 (x′2) = ∅ or P−12 (x′2) = [0,2v0], in both cases a
set which is open relative to [0,2v0]. We conclude that E is well behaved.
Let (x01, x
0
2) ∈ [0,2v0]2 and p0 ∈ (V+)∗ . Suppose ﬁrst that p0(v0) > 0. Since P2(x02) = T , so that in particular P2(x02)
contains all non-zero points of some ray in V+ , it follows that there are points x′2 ∈ P2(x02) such that p0(x2) is arbitrarily
close to 0, in particular so that p0(x′2) < p0(v0). Thus, if p0(v0) > 0 then (x
0
1, x
0
2, p
0) is not a quasi-equilibrium; in particular,
if p(v0) > 0 for all p ∈ (V+)∗ , then E has no quasi-equilibria, a contradiction. We conclude that in this case [−v0, v0] must
be absorbing in V , which is (a).
Suppose now that the p0(v0) = 0. We have that Ker p0 = (Ker p0 ∩ V+) − ((Ker p0 ∩ V+); indeed, each v ∈ V+ with
p(v) = 0 can be written as v = v1 − v2. If T ∩ Ker p0 = ∅, we have by the same argumentation as above that there can
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equilibrium in E . Since (x01, x02, p0) was chosen arbitrarily, and V is admissible, we may conclude that T ∩ Ker p0 = ∅.
Let W be any subspace of V with [0, v0] ⊂ W ⊂ Ker p0 with W = (W ∩ V+) − (W ∩ V+). Then [−v0, v0] is absorbing
in W , since otherwise T ∩ W = ∅, a contradiction. This completes the proof of the theorem. 
Theorems 1 and 2 together show that if V is admissible then V must satisfy two sets of conditions; the ﬁrst of these
pertains to compactness of order intervals, the second states that order intervals are absorbing. These conditions come very
close to what is common knowledge among researchers in the ﬁeld, and they give support to the current opinion that
further development of equilibrium theory with inﬁnitely many commodities can be achieved only by restricting the notion
of well-behavedness or by reconsideration of the equilibrium concept.
4. Suﬃciency of conditions for admissibility
In the present section, we show that the necessary conditions for a commodity space to be admissible derived in the
previous section are exhausting, so that there are no further structural properties of admissible commodity spaces. This
amounts to showing that any well-behaved economy over such a commodity space has a quasi-equilibrium. The method
of proof follows the approach of Bewley [8], approximating the inﬁnite-dimensional commodity space by ﬁnite-dimensional
commodity spaces. The result is of limited interest in itself, since similar results have appeared in the literature mentioned
in the introduction, but it is inserted for self-containedness of the exposition.
Theorem 3. Let V be a commodity space satisfying the following conditions: For each v ∈ V+ with span([0, v]) = V ,
(1) the order interval [0, v] is compact in the σ(V , V+)-topology,
(2) the order interval [−v, v] is absorbing.
If E = (Pi,ωi)i∈I is a well-behaved economy over V , then E has a quasi-equilibrium.
Proof. Let F be the set of all ﬁnite-dimensional subspaces F of V spanned by ﬁnite sets of vectors in V+ containing
{ω1, . . . ,ωm}. For each F ∈ F , we have an exchange economy with the ﬁnite-dimensional commodity space,
EF = (Pi |F ,ωi)i∈I ,
where consumption sets are F+ = F ∩ V+ , and where the preference correspondences Pi |F : F+ → F+ , for i ∈ I are deﬁned
by
Pi |F (v) = Pi(v) ∩ F
for v ∈ F+ . Clearly, preference correspondences are convex-valued, irreﬂexive (v /∈ Pi |F (v), all v ∈ F+), and they satisfy the
continuity condition that (Pi |F )−1(v) ⊂ F+ is open for each v ∈ F+ (as the intersection of a σ(V , V+)-open set with the
ﬁnite-dimensional subspace F ).
By standard results on equilibria in economies with ﬁnite-dimensional commodity spaces, EF has a quasi-equilibrium
(xF , pF ), with xF = (xFi )i∈I ∈ V I+ and pF  0 in F+ . Without loss of generality, we may assume that |pF (v)| 1 for all v ∈ F
with −ω v ω.
By the Hahn–Banach theorem, the linear functional pF extends to a linear functional on V , likewise denoted by pF ,
which belongs to the set
B+ = {p ∈ V+ ∣∣ ∣∣p(v)∣∣ 1, −ω v ω}.
By the Banach–Alaoglu theorem (cf. e.g. Rudin [14, Theorem 3.15]), B+ is compact in the σ(V+, V )-topology, and by condi-
tion (1), the set [0,ω] is compact in the σ(V , V+)-topology. It follows that the net (xF , pF )F∈F in K (ω)I × B∗ has a subnet
(which for ease of notation is assumed to be the net itself) converging to some (x0, p0) ∈ K (ω)I × B∗ . We claim that (x0, p0)
is a quasi-equilibrium.
The conditions (i) and (iii) of Deﬁnition 3 are straightforward consequences of our construction, so we need only check
(ii). Let i ∈ I; suppose that p0(x0i ) > p0(ωi), and let p0(x0i ) − p0(ωi) = ε > 0. By the convergence properties, for each
σ(V+, V )-neighborhood U ′ of p0, and in particular for the neighborhood
U ′ =
{
p ∈ V+
∣∣∣ ∣∣p(x0i )− p0(x0i )∣∣< ε4 ,
∣∣p(ωi) − p0(ωi)∣∣< ε4
}
,
the net (pF )F∈F is eventually in U . Similarly, for each σ(V , V+)-neighborhood U of x0i , thus also for the neighborhood
U =
{
xi ∈ V
∣∣∣ ∣∣p0(xi) − p0(x0i )∣∣< ε
}
,4
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pF
(
xFi
)
 pF
(
x0i
)− ε
4
 p0
(
x0i
)− ε
2
= p0(ωi) + ε2  p
F (ωi) + ε4 ,
a contradiction, since (xF , pF ) is a quasi-equilibrium in E F . Thus, p0(x0i ) p0(ωi) for each i ∈ I .
Next, let xi ∈ Pi(xi); we must show that p0(xi) p0(ωi). As above, assume on the contrary that p0(x0i ) = p(xi) + ε for
some ε > 0, and deﬁne the neighborhood
G ′ =
{
p ∈ V+
∣∣∣ ∣∣p(x0i )− p0(x0i )∣∣< ε4 ,
∣∣p(xi) − p0(xi)∣∣< ε4
}
of p0. Then the net (xFi , p
F ) is eventually in U × G ′ , so that
pF (xi) p0(xi) + ε4 = p
0(x0i )− 34ε  p0
(
xFi
)− ε
2
 pF
(
xFi
)− ε
4
.
By openness (in the σ(V , V+)-topology) of P−1i (x
0
i ) we have that xi ∈ Pi(xFi ) for F large enough (and containing xFi ),
and thus we have a contradiction, since (xF , pF ) is a quasi-equilibrium in E F . We conclude that p0(xi)  p0(x0i ), so that
property (ii) of Deﬁnition 3 is satisﬁed. 
5. Admissible commodity spaces are Kakutani spaces
In the previous sections, admissible commodity spaces have been characterized by conditions on algebra, order, and
topology. These conditions were presented in Theorems 1 and 2; however, it might be argued that they give no precise
indication as to the class of topological vector spaces which are interesting in the context of economic equilibrium theory. It
so happens that properties of V found in Theorems 1 and 2 place V in a rather well-studied family of ordered topological
vectors spaces, those studied by Kakutani and Krein, cf. e.g. Shaefer [15] and Aliprantis, Brown, and Burkinshaw [2].
From now on, we assume that V is a vector lattice, that is that for each pair (v1, v2) of elements of v , there is a unique
least upper bound v1 ∨ v2 of v1 and v2 in V . This is of course an additional property in relation to admissibility, since no
lattice properties were obtained in the characterization given above.
Following Coppel [9], we say that a vector lattice V is a Kakutani space if it has the following properties:
(i) if x, y ∈ V and nx y for all positive integers n, then x 0,
(ii) there exists e ∈ V such that, for each x ∈ V , there is a positive integer n for which −ne  x ne.
The following is an easy consequence of our results in Section 3.
Lemma 3. Let V be an admissible commodity space which is also a vector lattice. Then V is a Kakutani space.
Proof. Property (i) above is part of the deﬁnition of a commodity space, and (ii) follows from Theorem 2. 
The classical result about Kakutani spaces is the Krein–Kakutani theorem, here given in a version adapted to our purpose:
Theorem 4. Let V be an admissible commodity space which is also a vector lattice. Then there is a linear homeomorphism and lattice
isomorphism of V into a dense subset of the space C(K) of all continuous real-valued functions on the set K of extreme points of
{
p ∈ (V+)∗
∣∣ p(v0)= 1},
where v0 ∈ V+ is such that span([0, v0]) = V .
For a proof, see e.g. Coppel [9, pp. 208–209]. The result gives a rather detailed description of admissible commodity
spaces; however, its practical applicability remains however to be shown.
6. Concluding comments
In the present work, we have considered necessary and suﬃcient conditions on commodity spaces for existence of
equilibria, formulated by the condition that every well-behaved economy should posess an equilibrium.
Clearly, our approach hinges upon what is considered as a well-behaved economy. Some properties seem reasonable
(convexity and irreﬂexibility of preferences, weak survival conditions on endowments), other conditions, such as continuity
conditions on preferences, are less clear. We have chosen a weak notion of well-behavedness, making the class of well-
behaved economies rather large and thereby possibly restricting the family of admissible commodity spaces. Working with
H. Keiding / J. Math. Anal. Appl. 351 (2009) 675–681 681a smaller class of economies, for example those where all consumers satisfy a properness assumption on preferences, could
result in a larger class of commodity spaces.
On the other hand, we allow for non-continuous prices in the deﬁnition of a quasi-equilibrium. Clearly, if a commodity
space is not admissible, then a fortiori there are economies with no equilibria such that prices are continuous; however, this
may happen also for commodity spaces which are admissible. It may be conjectured that one has to restrict the sampling
of economies to a class much smaller than the well-behaved economies of the present work in order to have continuous
equilibrium prices, but this remains a matter of further research.
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